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In studying Leopoldt's conjecture for Galois number fields a sufficient condition is proposed 
which includes the known criteria nd moreover refers only to the character table of the Galois 
group in question. Hence it may easily be checked. Tables of the computations are given. New 
examples, if only few, of imaginary number fields are exhibited for which Leopoldt's conjecture 
is proved to be true for all primes p. Some of them are covered by some kind of 
"Verschiebungssatz" for Leopoldt's conjecture. 
1. Introduction 
In  studying a p-adic version of the analytic class number formula, Leopoldt (1962) 
introduced the p-adic regulator Rp for abelian number fields and asked for R v ~ 0. His 
question "Ist dies etwa auch allgemein richtig?" is now known as Leopoldt's conjecture 
which for arbitrary number fields K and some prime number p may be formulated as 
follows: 
Embed the subgroup 
U~ ={ee U~:Ie~- 1mod$ for all ~[p} 
of  global 1-units of K into 
I .~  l U~, .- I-I U j,, 
the group of semi-local 1-units of K for the prime p. This latter group is a pro-p-group, 
hence we get a well-defined Zp-homomorphism 
z .® U~: --, u~. 
Let L= L(p) denote its kernel, called Leopoldt's kernel or the group of p-adically 
infinitesimal units of K (Fleckinger, 1986). Then Leopoldt's conjecture may be formulated 
as L(p) = O. 
By work of Ax (1965), Baker (1966) and Brumer (1967) this conjecture is known to 
be true in the situation Leopoldt dealt with, namely for abelian number fields. Since in 
total ly imaginary quadratic extensions of totally real number fields the unit groups have 
the same rank one gets Leopoldt's conjecture for number fields K and all primes p in 
the following cases: 
(A) K IQ  abelian. 
0747-7171/90/120531 + 15$03.00/0 © 1990 Academic Press Limited 
532 N. Klingen 
(B) K abetian extension of some imaginary quadratic field k[Q. 
(C) K CM-field with the maximal real field K + being abelian over Q. 
Also the results of Miyake (1982) and of Emsalem et al. (1984) are based on Brumer's 
method. Miyake exhibited special Galois extensions, non-abelian over imaginary quad- 
ratic number fields satisfying Leopoldt's conjecture, while Emsalem et al. showed that 
for imaginary A4-extensions of Q (which do not belong to any of the classes (A)-(C)) 
Leopoldt's conjecture is true. Their paper also contains a bound for the rank of the 
Leopoldt kernel L, sharpened by Waldschmidt (1980) to the following statement: rkz, L <- 
r/2, with r = r~ + r2-  1 the unit rank of K. 
In this note I will propose a criterion--again based on the Brumer-Baker method, 
which contains all these results (except Waldschmidt's). It is a bit stronger than these 
and since it refers only to the character table of the Galois group G(KIQ) in question, 
one can check it very easily in each given case. This is done for all non-abelian groups 
G of  order not exceeding 48. In the real case this criterion cannot exhibit new cases for 
which Leopoldt's conjecture is true for all primes p, but in many of these concrete cases 
one gets a sharper bound for the rank of L(p) than Waldschmidt's (general) bound r/2; 
in a few cases both results put together give some further progress (see section 3 and 
Table 2), In the imaginary ease however the criterion gives new examples, if only few, 
of Leopoldt's conjecture (see section 4). Checking the character tables one finds 31 
non-abelian groups G of  even order not exceeding 48 such that for all imaginary Galois 
extensions K[Q with group G Leopoldt's conjecture is true (for all primes p) (see section 
3). Moreover there are 44 more groups G in this range, for which the following is true: 
Leopoldt's conjecture holds for Galois extensions K I Q with group G if the maximal real 
subfield K + is not Galois over •, i.e. if K is not a CM-field. [These contain especially 
the examples of Miyake (1982), Theorem 4.] But almost all of them give rise to abelian 
extensions of imaginary quadratic number fields, a fact, which cannot be checked as easy 
as the criterion, since one needs more information than merely the character table. For 
example, all the cases of  Miyake's Theorem 4 either do not exist or are abelian extensions 
of imaginary quadratic number fields (see section 2, remark after Lemma 2.3). But there 
remain five interesting rolaps G in this range (of order 24, 36 and 48) leading to imaginary 
Galois extensions K I Q with group G which satisfy Leopoldt's conjecture, but do not 
satisfy any of the known criteria mentioned above. These five groups are discussed in 
section 4 and four of them can be subsumed under some kind of "Verschiebungssatz" 
for Leopoldt's conjecture (Corollary 4.3). 
The necessary computations using CAYLEY were done on the CYBER CDC 72 at the 
Cologne Rechenzentrum. But they could not have been done without J. Neubfiser's most 
valuable, extensive tables (Neubiiser, 1967) about groups of "low" order. I thank him 
very much for putting this work at my disposal. 
2. The Criterion 
Since the group L of infinitesimal units is a torsion-free 7p-module, we have L = 0 if 
and only ifQ~L = Qp ® L = 0. Let A be the character of this Qp[G]-module QpL (Leopoldt's 
character) and A=]~x mxx its decomposition i to irreducible characters over Qp. With 
these notations we have the following version of the Brumer-Baker result: 
THEOREM 2.1. Let K IQ be a Galois extension with group G, and let c~ G denote the 
Imaginary Galois Number Fields 533 
complex conjugation, well-defined up to conjugation in G. Let A = ~ mxx (X running over 
all irreducible characters of G over Qp) be Leopoldt's character. Then the following holds: 
degx+X(C) 
(a) Either m r = 0 or m~¢ < 
2. (x ,x )~ " 
(b) Leopoldt's conjecture is true for K and p, i f  for all irreducible characters X of  G 
over Qp 
degx+ x(c)<--2 " (X,X)a 
holds. 
(c) Leopoldt' s conjecture is true for K and all p, i f  for all absolutely irreducible characters 
~, of O 
deg ~b + ~p(c)-< 2 
holds. 
PROOF. Let 
Q,,® u" --®E~ 
A" 
be the decomposition of ~® U~ into the x-isotypical components Ex and e x the 
multiplicity of X in E x (X running over all Qp-irreducible characters of G). As is well 
known, following for example from the existence of a Minkowski unit, the Qp[ G]-module 
a 
Qp® U 1 has character l<c)- lc .  [Here we denote for some subgroup H of G by 1H the 
principal character of H and by the superscript (..)~ the induction of some character of 
H up to G.] 
Now we look at the image 8E x of E x under the Qp-homomorphism 
x 
The essence of the Brumer-Baker result is the following fact: 
Ex¢0~#0.  
[Since it is that short we recall here the proof (see Jaulent, 1985, Theorem 3): Take a 
unit u in U~ generating Qp® U~ over Qp[G] (e.g. a Minkowski-unit) and project it 
onto any component Ex. For those X with Ex # 0 we therefore have 
From 8E x = 0 one would get 
l=~(u)Z,.~(,,-'~,,, 
or by taking p-adic logarithms: 
0 = E X(or-') logp(8(u")). 
tTE (7 
Here the summation is over all o'~ G, but expressing all u" in terms of a O-basis of 
Q ® U~ consisting of some u", one would get a linear relation (non-trivial since uY~ t,,-, ~,~ # 
1) between their p-adic logarithms with algebraic oefficients, contradicting the Brumer- 
Baker result (Brumer, 1967, Theorem 1).] 
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Now (1) means: if the irreducible character X occurs in Qp® Uk:, then it occurs in 
Qp ® U~ too, hence its multiplicity in 
QpL = kernel(Qp ® U~ ~ ~p® Up l) 
is at most e~- l :  
mx -< ex -1 .  
Now one computes via Frobenius reciprocity 
(X, a l~c~- la)G 
e~ - (x, x )G 
and arrives at the asserted statement (a). 
(b) is then clear, and (c) again follows from (b), since decomposing an irreducible 
Qp-character X into absolutely irreducible characters @t 
X = Z nit'i, 
l 
one gets from condition (c) 
degx+x(c )  =Y. ni(deg ¢~ + qJs(c))-<2. ~ n~-<2(X,X)o. 
i i 
REMARK 2.2. Criterion (b) of  the theorem is sharper than (c), but only for primes p 
dividing the order of (3. In fact, Leopoldt's conjecture is true for K and all p, if condition 
(b) is true for one prime p not dividing # (3. 
PROOF. Assume (b) is true for one prime p with p~V# G. Since for p'-groups the representa- 
tion theory over Qp is the same as over 0rp (see Serre, 1977, Chapter 15.5), and since over 
finite fields the Schurindex is always 1, the irreducible ®p-characters X of G are the sum 
of all algebraic conjugates d/'~ of an absolutely irreducible character ~ (see Huppert, 
1971, V, § 14): 
x= Y. ~ .  
u~ G( Qp( O )IQI, I 
Hence we have 
(x.x)o = (Q,(V~): Q,)=: d. 
degx=d,  deg ~b and 
X(C) = d. ~(c) for any involution c. 
Therefore condition (b) for this prime p is equivalent to condition (c), which is independent 
ofp.  
Criterion (c) of Theorem 2.1 contains the criteria (A)-(C) mentioned in section 1. Case 
(A) is clear, since for abelian groups we have I¢,(c)1--- deg ¢ = 1 for all absolutely irreduc- 
ible characters 0. The other eases (B) and (C) refer in group theoretical terms to abelian 
subgroups H of index 2 [case (B)], respectively invariant subgroups (c) of order 2 with 
abelian factor group g = G/<c) [case (C)]. In both cases the criterion of Theorem 2.1(c) 
is satisfied; more precisely, by purely group theoretical arguments one gets: 
LEMMA 2.3. Let G be a group and c a central involution. Then the following statements are 
equivalent: 
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(i) For all absolutely irreducible characters X of G X( c) + deg X -< 2 holds, i.e. the condition 
in Theorem 2.1(c) is satisfied. 
(ii) G/(c) is abelian. 
PROOF. Let )( be the non-trivial one-dimensional character of (c) and k the order of the 
factor group g = G/(c) of (c). The absolutely irreducible characters qS~ (i = 1 , . . . ,  h(g)) 
of g lift to h = h(g) absolutely irreducible characters @~ of (7. All other absolutely 
irreducible characters $j ( j  = h + 1 , . . . ,  H) of G are contained in the induced character 
X c of X, since: 
(1) For i= 1 , . . . ,  h we have 
(X °, ~bi) = (X, @i]<~>) = (X, deg ~bl. 1<, 9) = 0, 
hence we get 
d 
X °= ~ nj@j with n j>0 and d<-H. 
j=h+l  
(2) From 1 a c Xc = 1~c>+ and (1<~), X c) = 0, we get 
fo r j=h+l , . . . ,d .  
d 
(3) Z 
j~h+l  
Since 
nj = (~pj, X c ) = (~,j, 1 c) = deg tpj 
(deg ~bj) 2= (X G, X c ) = (X, X c I<c}) - (x, kx) = k. 
h 
(deg~bi) 2=#g=k and 2k=#G,  
d 
k=xC(  1)= E (deg ~b/) 2
j=h+l  
d 
-k=x°(c )= ~ deg~j .¢ j (c) .  
j~h+l  
Since I~j(c)l--- deg ~bj for all j we get assertion (4). 
Now Lemma 2.3 follows easily: assume (ii), i.e. g is abelian. Then the characters ~i 
(i = 1 , . . . ,  h) are one-dimensional nd hence property (i) of the iemma holds for these; 
for the remaining characters use (4). 
Now assume (i). Since for i=  1 , . . . ,  h 
~i ]u')= deg ~b,. 1{,.) 
holds, we get from (i) 
degCf=deg~i=l  for all i= l , . . . ,h ,  
and hence the group g must be abelian. 
and 
PROOF. By (2) we have 
the characters ¢~, . . . ,  ~/d thus found are all absolutely irreducible characters of G, and 
d = H. From this we easily deduce 
(4) ~bj(c)=-deg~j fo r j=h+l , . . . ,H .  
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From Lemma 2.3 we see: If K [Q is a Galois extension and the complex conjugation 
c is central in G (i.e. K is a CM-field), then condition (c) of Theorem 2.1 is satisfied if 
and only if the maximal real subfield K + of K is abelian over Q. This means, that for 
central involutions c condition of Theorem 2.1(c) is equivalent to criterion (A). 
In the non-central case the situation is different. 
LEMMA 2.4. Let O be a group, c an involution of O and H a subgroup of index 2 not 
containing c. 
(a) I f  H is abelian, then X( C) + deg X <- 2 holds for all absolutely irreducible characters X
of G, i.e. Theorem 2.1(c) is true for G and c. 
(b) I f  the condition in Theorem 2.1(c) is true for G, c, then all irreducible characters 
of H with ~l, # t# ~" have degree 1, while those with ~ = ~b ~ have degree at most 2. But there 
are examples, where H is not abelian. 
PROOF. In the following proof "irreducible" always means "absolutely irreducible". We 
have G = H © Hc and hence for every irreducible character ~b of H 
0 
¢c(cr) = { 6(~) + ¢(c-~zc) 
Therefore ~b c[H = ¢ + ¢ " and 
(¢° ,  CG)= (¢, Ca l . )=  {~ 
if o'~ H; 
if creH. 
if ¢ #¢" ;  (*) 
if ¢=4" .  
Hence for all irreducible characters ¢ of H with ¢ # ¢ ~ the induced character ¢c  is an 
irreducible character of  G of  degree 2 deg ¢. From (*) we also see, that the induced 
characters ~b c and ~b rc are different if ¢ '#¢,  #¢" .  Finally, for ¢=¢"  the induced 
character ~b c is reducible, ~b ° = t#~ + ~b 2with two different irreducible characters Oj of (7, 
which extend ¢ and hence are of the same degree deg t#j = deg ¢. Counting all irreducible 
characters of G thus found, we get 2d ÷ characters ~bj of this last type and d- /2  irreducible 
induced characters ¢c  with 
d + := #{¢ irreducible character of H I ~ = ¢"} and 
d -  := h - d ÷, h the class number of H. 
These are all irreducible characters of G since the sum of squares of their degrees gives 
2. #H,  the order of G. 
Since c ~ H we have for all induced characters q: = ~b c 
O(c) + deg $ = deg ~b = 2- deg ¢. (**) 
(a) Now assume H to be abetian, hence all irreducible characters ¢ of H are one- 
dimensional. Then we have deg ¢J: = 1 for the 2d + irreducible characters of G belonging 
to those ~b with ~b = ¢". Hence (a) is satisfied for these, as was mentioned above. For the 
remaining irreducible characters ¢c  of G we get from (**) that (a) is true. 
(b) Assuming the condition of Theorem 2.1(c), (**) gives deg ¢ = 1 for all irreducible 
characters q~ of H with ~b = ¢ c being irreducible. If however ¢ = ¢" and ~ = ¢ c = ~1 + ~_~ 
with ~ irreducible of degree deg Oj = deg ¢, one can only deduce: 
tpl(c) = -r#2(c), 2 ~> deg ¢+tpl(c) ,  2--> deg ¢ - 6h(c), 
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and hence 
deg ~b -< 2. 
deg ~b =2 is only possible, if O~(c)= 0, but this does indeed occur; see the examples in 
section 3. 
Lemma 2.4 especially shows, that case (B) is also contained in Theorem 2.1. I f  K lk 
is an abelian extension of some imaginary quadratic number field, then we apply Lemma 
2.4 to the Galois closure NIQ of KID: G=G(NIQ) contains an abelian subgroup 
H = G(NI k), which does not contain the complex conjugation c.Therefore the criterion 
in Theorem 2.1(c) is satisfied and Leopoldt's conjecture holds for N, hence for K. 
Case (b) of Theorem 2.1 contains the following result of Miyake (1982). If the regular 
representation of Qp[G] contains every irreducible Qv-representation ly once, then 
Leopoldt's conjecture is true for all Galois extensions K [Q with group G and the prime 
p, namely: If 
X = ~ mAbi 
i 
is the decomposition of the irreducible Qp-character X into absolutely irreducible charac- 
ters, then Miyake's condition means mt = deg Oi for all i, hence we have 
(X,X)=degx and degx+x(c)<-2(X,X). 
As we see from Remark 2.2, for non-abelian groups G this can only happen for primes 
p dividing the order of G. 
Also Miyake's main theorem (1982, Theorem 4) follows from Theorem 2.1 as stated 
above. In this theorem he gives a list of non-abelian extensions of imaginary quadratic 
number fields satisfying Leopoldt's conjecture. But all cases of  his theorem are already 
covered by criterion (B), i.e. all fields are in fact abelian extensions of (some other) 
imaginary quadratic number fields, or they even do not exist. More precisely the following 
holds. 
Miyake considers non-abelian extensions NI k of imaginary quadratic number fields 
k, where N is Galois over Q with group G being dihedral, quasi-dihedral or quaternion 
and G(NIk) is a prescribed subgroup G' of G of index 2. In all his cases this subgroup 
G' contains the central involution, hence the complex conjugation c is not central in G. 
This already shows, that case (ii) of his Theorem 4 cannot occur, since the general 
quaternion groups Q, have only one involution (Huppert, 1971, I, proof of Satz (14.9)). 
In the dihedral respectively the quasi-dihedral group G = (N, S) the non-central invol- 
utions are elements of the form N~S (0-<i-<2 "-') (notation as in Huppert, 1971, l.c.), 
hence not contained in the cyclic subgroup (N), which therefore has an imaginary 
quadratic fixed field. This means that the fields, which Miyake considers in cases (iii) 
and (iv) are abelian over some suitable imaginary quadratic number field. The same holds 
in case (i). 
Finally, in the quasi-dihedral case the exponent i for the non-central involutions NtS 
must be even, so that they are all contained in the dihedral subgroup D,_~, which therefore 
must have a real fixed field. Hence case (v) of Miyake's theorem cannot occur. 
3. Numerical Results 
The tables contained in the appendix are consequences of Theorem 2.1 in section 2 
applied to all non-abelian groups of order not exceeding 48. Presentations for these 
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groups are taken from J. Neubiiser's extensive tables (Neubiiser, 1967). I also use his 
enumeration of all groups in this range consisting of two numbers, the first giving its 
order: Group 48.13 refers to the 13th group of order 48 in his list. Missing numbers in 
the tables correspond to abelian groups. 
To check the condition of  Theorem 2.1(c) one needs the character tables of these 
groups. Using J. J. Cannons program package CAYLEY for group theoretical computa- 
tions implemented on the CDC CYBER 72 at the Cologne Rechenzentrum these tables 
were easily computed from the group presentations given in Neubiiser's work. But 
unfortunately only an older version of CAYLEY was available, which gave the character 
tables as a whole and did not allow the extraction of partial information from it. Therefore, 
the output given by CAYLEY had to be manipulated separately afterwards to arrive at 
the following tables. [As I heard only recently (Cannon, 1987) there are new versions of 
CAYLEY available, but mainly on other hardware configurations, which among other 
improvements e.g. allow manipulations with characters and provide a library of those 
groups from Neub/Jser's tables.] 
3.1. THE IMAGINARY CASE 
Let K IQ be an imaginary Galois extension with non-abelian group G and complex 
conjugation c e O. Then the character of the Galois-module L of all p-adically infinitesimal 
units of K is contained in a character B (the "bound")  as given in Table 1 (see appendix). 
The computations were done (and are available from the author) for all 164 non-abelian 
groups of even order -<48. Of  these Table 1 contains the 97 groups of order -<36. For 
each of these Table 1 gives a list of the degrees of all absolutely irreducible constituents 
of this bound B. A symbol 4, 4 stands for the sum of two different four-dimensional 
characters, while 2 x 4 means that one four-dimensional character occurs twice. This list 
depends on the involution c, especially whether it is central or not. Column "#"  contains 
the number of conjugacy classes of involutions for which the given list is valid. Finally 
column "rk  L -  < ' '  gives a bound for the Zp-rank of L, which in general is the degree of 
B. In a few cases the Waldschmidt bound w =½rk U~c for rkL  is smaller than deg B, so 
that a combination of both results gives a bound better than any of them alone. In these 
cases the given bound is marked by an asterisk *. Cases in which Leopoldt's conjecture 
is true are marked by * * *. 
For example the entrance for group 24.10 in Table 1 
c central involution c non-central involution 
Group # bound B rk L < # bound B rk L -  < 
24,10 1 2x3  3* 1+ ***  0 
1. 3 3 
has the following meaning. In group 24.10 there are one central and 1 + 1 = 2 non-central 
involutions. For one non-central involution the bound B is a three-dimensional character 
and the rank of L is bounded by 3, while for the other one Leopoldt's conjecture holds. 
[In fact, this is one of the cases not covered by the known criteria and discussed in section 
4.] For the central involution the bound B is given by a three-dimensional character with 
multiplicity -<2. But since for imaginary extensions of degree 24 the Waldschmidt bound 
is 5 the multiplicity cannot exceed 1, and the rank of L is bounded by 3. The asterisk *
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behind 3 marks that in this case the Waldschmidt bound is used. From the computations 
we get the following facts: 
FACT 3.1.1. There are 31 non-abelian groups G of order <--48 such that Leopoldt's 
conjecture holds for all imaginary Galois extensions of Q with Galois group G. These 
are all the groups of order -<10, 14, 18, 22, 26, 30, 34, 38, 46 and the following groups: 
12.5; 16.8, 16.11; 24.4, 24.5; 32.17, 32.22; 36.7, 36.8; 40.4, 40.5; 42.3, 42.6; 48.8, 48.11. 
FACT 3.1.2. Besides the groups mentioned above there are 44 more groups G in this range 
containing non-central involutions, such that Leopoldt's conjecture holds for all imaginary 
Galois extensions of Q, which are not CM-fields and have Galois group G. All groups 
of order <32 belong to this class of groups with only four possible exceptions of order 
20 resp. 24, namely 20.5; 24.10, 24.11, 24.15. 
3.2. THE REAL CASE 
Let K I I;1 be a real Galois extension with non-abelian Galois group G. Then the character 
of the Galois-module L of all p-adically infinitesimal units of K is bounded by the 
character B as given in Table 2 contained in the appendix. 
Table 2 contains the numerical results for all non-abelian groups of order <-36 and is 
built like Table 1, but clearly there is no reference to the involution c since it is 1 in the 
real case. Instead, we add sometimes remarks identifying the group. For example took 
at the following part of Table 2: 
Group Bound B rk L~ Includes the groups 
8.4 2 2 D8 
.5 2 2 Q8 
12.5 2x3 3* A4 
36.7-8 2x3,2x3,2  x3 15" A4×3 
This says that for real Galois extensions K [Q with group 8.4 (the dihedral group of 
order 8) or 8.5 (the quaternion group of order 8) the Galois module L of p-adically 
infinitesimal units is trivial, or absolutely irreducible of rank 2. (This fact was already 
used in Klingen, 1988.) For 12.5, the alternating roup, one finds according to Theorem 
2.1(c) that L is the direct sum of at most two copies of the three-dimensional absolutely 
irreducible A4-module. But since the Waldschmidt bound for real fields of degree 12 is 
5, we see that rk L_< 3 (as noted), and again L is trivial or absolutely irreducible of rank 
3. Finally, for the groups 36.7 and 36.8 (one of them being the direct product of the 
alternating roup A4 with the cyclic group of order 3) the infinitesimal units L are built 
from the three-dimensional absolutely irreducible G-modules, each with multiplicity ~2, 
and since the Waldschmidt bound is 17, one multiplicity is --1. 
Non-abelian groups G such that Theorem 2.1(c) is true in the real case (i.e. c = 1), 
hence giving Leopoldt's conjecture for allp, cannot occur, since the bound B is Z (deg ~-  
1)~ and therefore contains all absolutely irreducible characters of degree ---2. For special 
primes p (divisors of #G)  however, Theorem 2.1(b) may be satisfied in the real case, as 
was already mentioned after Lemma 2.4. Moreover the bound deg B for the rank of  L is 
useful, since in most cases it is sharper than Waldschmidt's general bound. 
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4. Special Groups 
The results proving Leopoldt's conjecture in the imaginary case (see (3.1)) clearly 
contain many cases falling under the well known criterion (B) or (C) given in section 1. 
But as already mentioned, this--especially case (B)--cannot be checked alone from the 
character tables. 
4.1. 3-PRIME-GROUPS 
At first we look at those groups, which have an order being a product of at most three 
primes (for short: three-prime-groups), and use the known results about their subgroups 
(Neubiiser, 1967, I). We find: 
PROPOSITION 4.1.1. (a) Imaginary Galois extensions of Q with a non-abelian three-prime- 
group G as Galois group, which satisfy criterion of Theorem 2.1(c), and hence Leopoldt's 
conjecture, are either 
(i) abelian over some imaginary quadratic number field (see (B)) or 
(ii) an imaginary quaternion extension of degree 8, hence a CM-field with abelian 
maximal real subfield (see (C)) or 
(iii) an imaginary A4-extension. 
(b) More precisely, the criterion is satisfied for QS, A4 and the following groups belonging 
to case (i) (notation as in Neubiiser (1967), especially 2, p, q, r different primes): D8, all 
groups of order 2q or 2q ~, D2q x r, G2qr, and for non-central complex conjugation c the 
groups D2q x 2. 
(c) The criterion of Theorem 2.1(c) is not satisfied for the groups Dpq x2 (2#p[q-1) ,  
H2qr (2q ] r - 1), G4q (21 q -  1), H4q (41 q - 1) and for central complex conjugation c the 
groups D2q x 2. 
Using Neubfiser (1967, Chapter 1) one checks the groups listed in (b). The remaining 
three-prime-groups of even order are those listed in (c). But the numerical results show 
that for these the criterion is not satisfied: The groups 30.2, 42.5, 12.4, 20.5 and 20.3 are 
of the types listed in Proposition 4.1(c). 
4.2. NEW CASES OF LEOPOLDT'S CONJECTURE 
Let us look at the remaining roups (7 of order 16, 24, 32, 36, 40 and 48, which satisfy 
the criterion of Theorem 2.1(c) for non-central complex conjugation c. Those of them 
lead to abelian extensions of imaginary quadratic fields, which have abelian subgroups 
H of index 2 not containing c.In principle one could check this with the help of Neubiiser's 
tables, which contain for all groups in question the full lattice of subgroups. But since 
the number of these groups is still as large as 55, it seemed better to use again the program 
package CAYLEY, which contains Neubiiser's program for building the subgroup lattice 
for a given group. The result is the following. 
FACT 4.2.1. There are six non-abelian groups G of order at most 48 with a non-central 
involution c e G, such that for any Galois extension KID with group G and complex 
conjugation c Leopoldt's conjecture is true, but K is not an abelian extension of an 
imaginary quadratic number field, and therefore not covered by the known criteria (A)-(C) 
of section 1. 
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Explicitly, these six groups are the following, of which the first one was discovered by 
Emsalem et al. (1984): 
Group Non-central involution 
1. 12.5: m 4 arbitrary 
2. 24.10: A4×C 2 cem 4 
3. 36.7: A 4x C a arbitrary 
4. 36.8: (C2xC, )  • C,~ arbitrary 
(semidirect product) 
5. 48.22: m 4 × C 2 × C 2 c E A 4 
6. 48.23: A,,  x C 4 c ~ A 4 
In field theoretical terms all cases except number 4 refer to extensions which are the 
direct compositum of an imaginary A4-extension K IQ with a real abelian extension L IQ. 
Obviously L and, according to 1, also K satisfy Leopoldt's conjecture. In the four examples 
2, 3, 5 and 6 then Leopoldt's conjecture is also true for the eompositum KL. This can be 
proved in general; more precisely we have the following corollary to Theorem 2.1. 
COROLLARY 4.2.2. Let K [Q be a Galois extension with group (3, and let c ~ G denote the 
complex conjugation in G. Suppose the condition in Theorem 2.1(c) is satisfied. Then 
Leopoldt's conjecture is true for K and all direct composita KL of K with a real abelian 
extension L of Q. 
PROOF. This is some kind of "Verschiebungssatz"; in fact we show that KL also satisfies 
the condition of Theorem 2.1(c): We have G(KLIQ ) = G(K IQ)x G(LIQ)=: Gx  A with 
A abelian. Since LIQ is real, the complex conjugation c~ G(KLIQ) of KL is contained 
in G: ce Go_ GxA.  Hence we have to show: If condition 2.1(c) is true for (G, c), then 
it also holds for (G x A, c) for any abelian group A. 
We easily determine the characters of G x A: Let q~, . . . ,  ~h be the absolutely irreduc- 
ible characters of G and ~o~,..., to, those of A, hence a = ~A and deg tO, = 1. Then 
X,j := qbj® toj ( i=1 . . . .  ,h ; j= l  . . . .  ,a )  
are all absolutely irreducible characters of G x A. Obviously we have X0.(1)= 4~(1) and, 
since c~ G, also X~(c)= ~i(e). Hence G x A inherits the condition in Theorem 2.1(c) 
from G. 
All four cases 2, 3, 5, 6 mentioned above are special cases of  Corollary 4.2.2. Since the 
character table of A4 is well known and obviously satisfies condition 2.1(c), Corollary 
4.2.2 gives a proof of Leopoldt's conjecture in these four cases, independent of  the 
computations mentioned above. 
The number 4 example 36.8, however, is a semidirect product of the Klein-four-group 
V4 with the cyclic group of order 9 and has no decomposition i to direct factors. But 
one should remark that group 36.8 has the alternating roup A4 as factor group (not as 
subgroup), hence imaginary Galois extensions K IQ with this group are also cubic 
extensions of imaginary A4-fields, but not a direct compositum of such. Nevertheless 
they satisfy Leopoldt's conjecture for all primes. 
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Append ix  
Tab le  1, The  imag inary  case  (see  sect ion  3 .1 )  
e central involut ion c non-central  involut ion 
Group  # bound B rk L -  < # bound B rk L~ 
6.2 - -  ~ - -  1 ***  0 
8.4 1 ***  0 2 ***  0 
.5 1 ***  0 - -  - -  
10.2 - -  - -  - -  1 * * * 0 
12.3 1 2 2 2 * * * 0 
.4 1 2 2 m __ 
.5 - -  - -  - -  1 ***  0 
14.2 - -  - -  - -  1 * * * 0 
16.6 1+ ***  0 4 ***  0 
2. 2 2 
.7 1+ ***  0 - -  - -  
2. 2 2 
.8 1 ***  0 3 ***  0 
.9 1+ ***  0 2 ***  0 
2, 2 2 
.10 1+ ***  0 - -  - -  - -  
2. 2 2 
.11 1 ***  0 1 ***  0 
.12 1 2 2 2 ***  0 
.13 1 2 2 1 ***  0 
.14 1 2 2 - -  - -  - -  
18.3 ~ - -  - -  1 * * * 0 
.4 - -  1 ***  0 
- -  1 ***  0 
20.3 1 2, 2 4 2 * * * 0 
.4 1 2, 2 4 - -  - -  
- -  1 4 4 
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Tab le  1 - -cont inued 
c central  invo lu t ion  c non-cent ra l  invo lu t ion  
Group # bound B rk L -  < # bound B rk L -  < 
22.2 - -  - -  - -  1 * * * 0 
24.4 1 ***  0 2 ***  0 
.5 1 ***  0 - -  - -  - -  
.6 3 2 ,2  4 4 ***  0 
.7 1 2, 2 4 2 * * * 0 
.8 3 2, 2 4 - -  - -  - -  
.9 1 2, 2 4 - -  - -  - -  
.10 1 2x3  3* 1+ ***  0 
1. 3 3 
.11 1 2 ,2  4 1+ ***  0 
1. 2 2 
.12 1 2 ,2  4 2. ***  0 
.13 1 2 ,2  4 - -  ~ - -  
.14 1 2x3  3* - -  ~ - -  
.15 - -  - -  - -  1+ 2 2 
1. 3 3 
26.2 - -  - -  - -  1 * * * 0 
28.3 1 2, 2, 2 6 2 * * * 0 
.4 1 2, 2, 2 6 - -  - -  - -  
30.2 - -  - -  - -  1 * * * 0 
.3 - -  - -  - -  1 ***  0 
.4 - -  - -  - -  1 ***  0 
32.8 1+ ***  0 8 ***  0 
6. 2 ,2  4 
.9 1+ * * * 0 - -  ~ - -  
6. 2, 2 4 
.10 1+ ***  0 6 ***  0 
2. 2,2 4 
.11 1+ ***  0 4 ***  0 
6. 2, 2 4 
.12 1+ * * * 0 - -  - -  - -  
6. 2 ,2  4 
.13 1+ ***  0 2 ***  0 
2. 2, 2 4 
.14 I+  ***  0 4 ***  0 
2. 2, 2 4 
.15 1+ ***  0 - -  - -  - -  
2. 2 ,2  4 
.16 1+ ***  0 2 ***  0 
2. 2 ,2  4 
.17 1 ***  0 3 ***  0 
.18 1+ ***  0 - -  - -  - -  
6. 2 ,2  4 
.19 1+ ***  0 - -  - -  - -  
2. 2, 2 4 
.20 1+ ***  0 2 ***  0 
2. 2 ,2  4 
.21 1+ * * * 0 - -  - -  - -  
2. 2 ,2  4 
.22 1 ***  0 1 ***  0 
.23 1+ 2, 2 4 4 * * * 0 
2. 2 ,2 ,2  6 
.24 1 + 2, 2 4 2 * * * 0 
2. 2 ,2 ,2  6 
.25 1+ 2, 2 4 - -  - -  - -  
2. 2, 2, 2 6 
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Tab le  1 - -cont inued 
e central  invo lut ion c non-centra l  invo lut ion  
Group # bound B rk L -  < # bound B rk L~ 
32.26 1 2, 2 4 
.27 1+ 2, 2 4 
2. 2 ,2 ,2  6 
.28 1+ 2, 2 4 
2. 2 ,2 ,2  6 
.29 1+ 2, 2 4 
2. 2 ,2 ,2  6 
.30 1+ 2, 2 4 
2. 2 ,2 ,2  6 
.3 l 1 2, 2 4 
.32 1 2, 2 4 
.33 3 2, 2 4 
.34 3 2, 2 4 
.35 3 2, 2 4 
,36 3 2, 2 4 
.37 3 2, 2 4 
1+ 2 2 
2. ***  0 
2 ***  0 
1+ ***  0 
1. 2 2 
1 2 2 
1+ ***  0 
5, 2 2 
4 ***  0 
2+ ***  0 
2. 2 2 
2 2 2 
.38 3 2, 2 4 1+ * * * 0 
2. 2 2 
.39 3 2 ,2  4 2 ***  0 
.40 3 2, 2 4 - -  - -  - -  
.41 3 2, 2 4 1 * * * 0 
.42 1 * * * 0 9 4 4 
.43 1 * * * 0 5 4 4 
.44 1 2, 2 4 3+ 4 4 
1. 2 ,4  6 
.45 1 2, 2 4 1 + 4 4 
1. 2 ,4  6 
.46 1 2, 2 4 2+ 4 4 
2. 2 ,4  6 
.47 1 2, 2 4 3 2, 4 6 
.48 1 2, 2 4 1 4 4 
.49 1 2 ,2 ,2  6 2 ***  0 
.50 1 2, 2, 2 6 1 * * * 0 
.51 1 2 ,2 ,2  6 ~ - -  - -  
34.2 
36.5 1 2, 2, 2 6 2 * * * 0 
.6 1 2 ,2 ,  2 6 - -  - -  - -  
.7 - -  - -  - -  1 ***  0 
.8 - -  - -  - -  1 ***  0 
.9 1 2 ,2 ,2 ,2  8 2 ***  0 
,10  1 2 ,  2, 2 ,  2 8 - -  - -  - -  
.11 1 2 ,2 ,2 ,2  8 2 ***  0 
• 12 1 2,  2, 2 ,  2 8 - -  - -  
.13 - -  - -  - -  1+ 4 4 
2. 2 ,4  6 
.14 - -  - -  - -  1 4 ,4  8 
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Table 2. The real case (see section 3.2) 
Group Bound B rk L -  < Includes the groups 
6.2 2 2 
8.4 2 2 
.5 2 2 
10.2 2, 2 4 
12.3 2,2 4 
.4 2,2 4 
.5 2x3  3* 
14.2 2, 2, 2 6 
16.6-11 2, 2 4 
.12-14 2,2,2 6 
18.3 2,2,2 6 
.4,5 2 ,2 ,2 ,2  8 
20.3,4 2 ,2 ,2 ,2  8 
.5 3 x 4 8* 
21.2 2x3 ,2x3  9* 
22.2 2, 2, 2, 2, 2 10 
24.4-5 2, 2, 2 6 
.6-9 2, 2, 2, 2 8 
.10 2x3 ,2x3  9* 
.11-13 2, 2, 2, 2, 2 10 
.14 2x3 ,2 ,2 ,2  10" 
.15 2, 2x3 ,2×3 11' 
26.2 2, 2, 2, 2, 2, 2 12 
27.4-5 2x3 ,2x3  12 
28.3-4 2, 2, 2, 2, 2, 2 12 
30.2 2 ,2 ,2 ,2 ,2  10 
.3 2, 2, 2, 2, 2, 2 12 
.4 2, 2, 2, 2, 2, 2, 2 14 
32.8-22 2, 2, 2, 2 8 
.23-41 2, 2, 2, 2, 2, 2 12 
.42-43 3 x 4 12 
.44-48 2, 2, 3 x 4 14" 
.49-51 2, 2, 2, 2, 2, 2, 2 14 
34.2 2, 2, 2, 2, 2, 2, 2, 2 16 
36.5-6 2, 2, 2, 2, 2, 2 12 
.%8 2x3 ,2x3 ,2×3 15' 
.9-12 2, 2, 2, 2, 2, 2, 2, 2 16 
.13 2,2,2,2,3 x4 16' 
.14 3x4 ,3x4  16' 
D6 
D8 
08 
DI0 
D6x2 
A4 
D14 
DSx2,  QSx2 
D6x3 
D10x2 
D21 
D22 
Q8x3 
D6x2x2,  D6x4,12 .4x2  
A4x2 
D26 
D14x2 
D6x5 
D I0x3  
D8x2x2, QSx2x2, D8x4, Q8x4 
D34 
D6x3x2 
A4x3 
D6 x D6 
